Let M be a left R-module and F a submodule of M for any ring R. We call M F-semiregular if for every x 2 M, there exists a decomposition M ¼ A È B such that A is projective, A Rx and Rx \ B F. This definition extends several notions in the literature. We investigate some equivalent conditions to F-semiregular modules and consider some certain fully invariant submodules such as ZðMÞ; SocðMÞ; dðMÞ. We prove, among others, that if M is a finitely generated projective module, then M is quasi-injective if and only if M is ZðMÞ-semiregular and M È M is CS. If M is projective SocðMÞ-semiregular module, then M is semiregular. We also characterize QF-rings R with JðRÞ 2 ¼ 0.
INTRODUCTION
Perfect, semiperfect and semiregular (or f-semiperfect) rings constiture the class of rings that posses beautiful homological and non homological properties. The concept of semiperfect rings has been generalized to semiperfect modules by Mares (1963) . Mares calls a module M a semiperfect module if every quotient of M has a projective cover. Nicholson (1976) proves that a projective module M is semiperfect if and only if it is semiregular, RadðMÞ ( M and M=RadðMÞ is semisimple. Semiregular modules are known as a unified generalization of semiperfect modules and regular modules of Zelmanowitz. There has been a great deal of work on semiregular modules by several authors (e.g., Azumaya, 1991; Nicholson, 1976; Wisbauer, 1991; Xue, 1995) . Zhou (2000) defines d-semiregular and d-semiperfect rings as a generalization of semiregular and semiperfect rings. On the other hand, Nicholson and Yousif (2001) consider I-semiregular rings for an ideal I of a ring R and study Zð R RÞ-semiregular rings. Now in this paper, we define F-semiregular modules M for a submodule F of a module M and consider some certain fully invariant submodules such as ZðMÞ; SocðMÞ; dðMÞ (is defined in Zhou, 2000) . If M is semiregular, then for every x 2 M there exists a decomposition M ¼ A È B such that A Rx is projective and B \ Rx ( M or equivalently B \ Rx RadðMÞ. Therefore, here we may consider any (fully invariant) submodule F or M instead of RadðMÞ, and we denote such modules as F-semiregular modules. In Sec. 2, we investigate the equivalent conditions to F-semiregular modules inspired by Nicholson and Yousif 's results. Some of their results are directly generalized but some are not, and we define (S 1 ) and (S 2 ) properties for them.
In Sec. 3, we consider ZðÁÞ-semiregular modules. We prove that for a finitely generated projective module M; M is quasi-injective if and only if M is ZðMÞ-semiregular and M È M is CS.
In the last section, we consider SocðÁÞ-semiregular and dðÁÞ-semiregular modules and investigate the relationship between them. We prove that if M is a countably generated dðMÞ-semiregular module with dðMÞ ( d M then M is isomorphic to a direct sum of projective cyclic submodules of M. Any projective SocðMÞ-semiregular module M is semiregular. And we characterize left Artinian rings R with JðRÞ 2 ¼ 0 and quasi-Frobenius (QF) rings R with JðRÞ 2 ¼ 0. At the end of the paper, we give some counter examples.
Throughout this paper, R denotes an associative ring with identity and modules M are unitary left R-modules. For a module M; RadðMÞ and ZðMÞ are the Jacobson radical and the singular submodule of M. We write JðRÞ for the Jacobson radical of R. The dual of M is denoted by M Ã ¼ Hom R ðM; RÞ. A submodule N of M is called small in M, denoted by N ( M, whenever for any submodule L of M; N þ L ¼ M implies L ¼ M. Dually we use N e M to signify that N is an essential submodule of M. For a direct summand K of M we write K È M. A submodule N of a module M is said to lie over a summand of M if there exists Zelmanowitz (1973) calls a module regular if each of its elements is regular, equivalently if every finitely generated submodule is a projective summand. Nicholson (1976) calls an element x and M semiregular if Rx lies over a projective summand of M. A module called semiregular if each of its elements is semiregular.
F-SEMIREGULAR MODULES
In this chapter, we investigate some equivalent conditions to F-semiregular modules.
Definition 2.1. Let F be a submodule of an R-module M. An element x in M is said to be F-semiregular in M if there exists a decomposition M ¼ A È B such that A is projective, A Rx and Rx \ B F. A module M is called an F-semiregular module if every elements x in M is F-semiregular.
Clearly the class of F-semiregular modules contains all regular modules. Also M is semiregular if and only if M is RadðMÞ-semiregular. If M is semiregular and F is a submodule of M such that RadðMÞ F then M is F-semiregular. For M ¼ R and an ideal F ¼ I, I-semiregularity of rings is defined by Nicholson and Yousif (2001) . Now we consider the module theoretic version of some results of Nicholson and Yousif.
Proposition 2.2. Let F be a submodule of a module M. Then the following conditions are equivalent for x 2 M.
(1) x is F-semiregular. (2) There exists a 2 M Ã such that ðxaÞ 2 ¼ xa and x À ðxaÞx 2 F. (3) There exists a homomorphism g from M to Rx such that g 2 ¼ g; Mg is projective and x À xg 2 F.
When these conditions hold we have (4) There exists a regular element y 2 Rx such that x À y 2 F and Rx ¼ Ryðx À yÞ. If F is fully invariant then (1)-(3) are equivalent to (4).
Proof. ð1Þ ) ð2Þ. Suppose for x in M there exists a decomposition M ¼ A È B such that A is projective, A Rx and Rx \ B F. Then there exist x i 2 A and
ð2Þ ) ð3Þ. Let x and a be as in (2) and let y ¼ ðxaÞx: Then y ¼ ðyaÞy: By Nicholson (1976, Lemma 1.1), Ry is a projective submodule of Rx and M ¼ Ry È W where W ¼ fw 2 M : ðwaÞy ¼ 0g. Let g : M ! Ry be the projection map. Hence it is sufficient to show that x À xg 2 F. Write x ¼ ry þ w 2 M where r 2 R and w 2 W. When these conditions hold we have (5) For all x 2 M, there exists a regular element y 2 M such that x À y 2 F. (6) Every submodule of M that is not contained in F contains a regular element not in F. (7) RadðMÞ F and ZðMÞ F.
Proof. ð1Þ ) ð2Þ. Let N be a finitely generated submodule with generators x 0 ; . . . ; x n . We use the induction on the generating set. By assumption choose
) ð3Þ. Let N and g be as in (2) . Then N \ ðMÞð1 À gÞ ¼ N ð1 À gÞ. (1) ) (6) are by Proposition 2.2(4). ð1Þ ) ð7Þ. Note that every cyclic submodule of Rad M is small in M and every projective singular module is a zero module, so (7) follows from (6) and (Nicholson, 1976 Nicholson and Yousif (2001) give a counter example showing that condition (5) in Theorem 2.3 does not imply I-semiregularity by taking M ¼ R ¼ Z and I ¼ 2Z. In Theorem 2.6, we give the equivalence under some conditions. First we give some definitions.
Zhou (2000) defines that a submodule
Also Zhou introduces the following fully invariant submodule of a module M.
Then dðMÞ is the sum of all d-small submodules of M by Zhou (2000, Lemma 1.5), and hence RadðMÞ dðMÞ. If every proper submodule of M is contained in a maximal submodule of M, then dðMÞ ( d M.
Let F be a submodule of a module M. Then F is said to satisfy
Clearly
We also have the following diagram.
In general ðS 1 Þ does not imply ðR 1 Þ and ðS 2 Þ does not imply ðR 2 Þ. Example 2.5. Let T be the infinite product of F i , where each F i ¼ Z 2 and let R be the subring of T generated by L i!1 F i and the identity of T. Then dð R RÞ ¼ Socð R RÞ satisfies ðS 1 Þ but not ðR 2 Þ. Theorem 2.6. Let F be a fully invariant submodule of a module M and satisfy ðS 2 Þ. Let x 2 M. If there exists a regular element y 2 M such that x À y 2 F, then x is F-semiregular.
Proof. Let x 2 M. By assumption there exists a regular element y 2 M such that
Since a :¼ pj Rx is an epimorphism and E is projective, a splits. Then there
Hence pj A is an isomorphism. By Proposition 5.5 in Anderson and Fuller (1974) 
Hence the proof is completed. & Corollary 2.7. Let F be a fully invariant submodule of a module M and satisfy ðS 2 Þ. Then the following conditions are equivalent.
(1) M is F-semiregular.
(2) For all x 2 M, there exists a regular element y 2 M such that x À y 2 F.
Corollary 2.8. Let F be a fully invariant submodule of a module M and satisfy ðS 2 Þ. If x À y 2 F and y is F-semiregular then x is F-semiregular.
Now we give that following lemma without proving because it can be seen by the similar proof of Nicholson (1976, Lemma 1.9 
Corollary 2.11. Let I be an ideal of a ring R with I dð R RÞ. Then R is I-semiregular if and only every projective R-module M is IM-semiregular.
Proof. Let M be a projective module. Then IM dðMÞ by Zhou (2000, Lemma 1.9) and so IM satisfies ðS 2 Þ. Since any projective module is a summand of a free module, the proof is completed by Theorem 2.10. Theorem 2.12. Let F be a fully invariant submodule of a module M. Consider the following conditions.
(1) M is F-semiregular. (2) (i) Every finitely generated submodule of M=F is a direct summand.
(ii) If M=F ¼ A=F È B=F where A=F is finitely generated, there exists a
Then ð1Þ ) ð2ÞðiÞ. If M is projective, then ð1Þ ) ð2ÞðiiÞ. If M is projective and F satisfies ðS 1 Þ, then ð2Þ ) ð1Þ.
Proof. ð1Þ ) ð2Þ. Suppose M is F-semiregular and let A=F M=F be finitely generated. Choose a finitely generated submodule 
THE SINGULAR SUBMODULE Z(M)
In this section, we consider the fully invariant submodule ZðMÞ for a module M. An R-module M is called CS (or has (C 1 Þ), if every closed submodule is a summand. Equivalently, M is CS if and only if every submodule is essential in a summand of M. An R-module M has ðC 2 Þ if any submodule of M isomorphic to a summand of M is itself a summand. M is called continous if M is CS and has (C 2 ) (Mohamed and Müller, 1990) . A module M is said to be an ACS-module if for every element a 2 M, Ra ¼ P È S where P is projective and S is singular (Nicholson and Yousif, 2001) .
By Corollary 2.11 a ring R is left Zð R RÞ-semiregular if and only if every projective module M is ZðMÞ-semiregular.
If R is left Zð R RÞ-semiregular, then Zð R RÞ satisfies ðR 1 Þ since Zð R RÞ JðRÞ. Furthermore Proof. ð1Þ ) ð2Þ. If M is ZðMÞ-semiregular, then RadðMÞ ZðMÞ. For the converse, let x 2 ZðMÞ. To show that x 2 RadðMÞ, let L M be such that M ¼ Rx þ L. Then M=Rx ffi L=ðRx \ LÞ is finitely generated. Let T be a finitely generated submodule of M such that L=ðRx \ LÞ ¼ ½T þ ðRx \ LÞ=ðRx \ LÞ:
By Theorem 2.3, T has a decomposition T ¼ P È S where P is a projective summand of M and S is singular. Then Rx þ S ZðMÞ: 
1). But this implies that
ð2Þ ) ð3Þ ) ð4Þ. They are clear.
ð4Þ ) ð1Þ.
Since M is finitely generated projective, it is a summand of a finitely generated free module F. Let A be such that F ¼ M È A and ff i g n i¼1 be a basis of F. Write f i ¼ m i þ a i where m i 2 M; a i 2 A for all i ¼ 1; . . . ; n: Let x 2 M: By hypothesis, Rx ¼ P È S where P is projective and S is singular. It is enough to show that P is a summand of M. We have an epimorphism M ! Rx defined by m ¼ r 1 f 1 þ Á Á Á þ r n f n ¼ r 1 m 1 þ Á Á Á þ r n m n 7 ! ðr 1 þ Á Á Á þ r n Þx; m 2 M; r i 2 R; 1 i n: Hence, we have an epimorphism from M to P. This implies that P is isomorphic to a summand of M. By (C 2 ), P is a summand of M. & It is well known that if R is left continuous then R is semiregular and Zð R RÞ ¼ JðRÞ: By using Theorem 3.2, we prove the next result. The following corollary is a generalization of Yousif (1997, Proposition 1.21 ) and Nicholson and Yousif (2001, Corollary 2. 
7).
Corollary 3.5. Let M be a finitely generated projective module. Then 
d(M) AND Soc(M)
In this section, we investigate dðMÞ-semiregular and SocðMÞ-semiregular modules. If a module M is semiregular, then it is dðMÞ-semiregular since RadðMÞ dðMÞ. The converse is true for finitely generated modules M with SocðMÞ ¼ RadðMÞ by Lemma 2.4. If M is a projective module then dðMÞ is equal to the intersection of all essential maximal submodules of M (Zhou, 2000, Lemma 1.9), and hence SocðMÞ dðMÞ. So any projective SocðMÞ-semiregular module M is dðMÞ-semiregular. Also we will prove in Corollary 4.6 that projective SocðMÞ-semiregular modules are semiregular. Then we have the following implications for a projective module M.
By Theorem 3.2, for a finitely generated projective module M, we have that
For the converse implications we give the examples at the end of the paper. Zhou (2000, Theorem 3.5) , proved that R is left dð R RÞ-semiregular if and only if R=dð R RÞ is regular and idempotents can be lifted modulo dð R RÞ. Indeed this result follows from Theorem 2.12 because dð R RÞ satisfies ðS 2 Þ.
(2) Also Socð R RÞ satisfies ðS 2 Þ, since Socð R RÞ dð R RÞ. Hence R is left Socð R RÞ-semiregular if and only if R=Socð R RÞ is regular and idempotents can be lifted modulo Socð R RÞ. Baccella proved that for any ring R, idempotents can be lifted modulo Socð R RÞ (see Yousif and Zhou, 2002, Lemma 1.2) . Thus R is left Socð R RÞ-semiregular if and only if R=Socð R RÞ is regular (see Yousif and Zhou, 2002 , Theorem 1.6).
By Corollary 2.11, a ring R is left Socð R RÞðdð R RÞÞ-semiregular if and only if every projective module M is SocðMÞðdðMÞÞ-semiregular.
The next result is a structure theorem for countably generated dðÁÞ-semiregular modules.
Theorem 4.2. Let M be a countably generated dðMÞ-semiregular module. If dðMÞ is d-small in M then M is isomorphic to a direct sum of projective cyclic submodules.
Proof. Let x 1 ; x 2 ; . . . be a generating set for M. There is a decomposition M ¼ P 1 È Q 1 such that P 1 Rx 1 is projective and
As a summand of Rx 1 , the module P 1 is cyclic. Now we use induction. Assume, for a positive integer n, M has a decomposition M ¼ ð
Then there is a decomposition Q n ¼ P nþ1 È Q nþ1 such that P nþ1 Rx nþ1 is projective and
Any finitely generated dðMÞ-semiregular module M is projective and ZðMÞ RadðMÞ.
Proof. By Theorem 2.3 and Proposition 3.1, ZðMÞ RadðMÞ. & Since every projective module is a direct sum of countably generated submodules we have, Corollary 4.4. Any projective dðMÞ-semiregular module M with dðMÞ ( d M is isomorphic to a direct sum of cyclic submodules.
We have mentioned that if M is a projective SocðMÞ-semiregular module then M is dðMÞ-semiregular. These modules are also semiregular and hence this result is a generalization of Yousif and Zhou (2002, Corollary 1.7(2) ).
Theorem 4.5. If M is a SocðMÞ-semiregular module and ZðMÞ RadðMÞ, then M is semiregular.
Proof. Let x 2 M and M ¼ A È B where A Rx is projective and Rx \ B SocðMÞ. Then Rx ¼ A È ðRx \ BÞ. Assume that Rx \ B has a simple submodule S 1 such that S 1 6 RadðMÞ, if not every simple submodule of Rx \ B is in RadðMÞ and hence this completes the proof. Then S 1 is a summand of M, and hence summand of B. Let
Similarly since Rx \ L 1 is semisimple assume that Rx \ L 1 has a simple submodule S 2 such that S 2 6 RadðMÞ, if not again the proof is completed. Since S 2 is a summand of M, there exists a submodule L 2 such that &
From now on, we deal with SocðMÞ-semiregular modules M such that M has (C 2 Þ or is min-CS or CS.
Proposition 4.11. Let M be a finitely generated projective module. Then the following conditions are equivalent.
(1) M is SocðMÞ-semiregular with ðC 2 Þ. Proof. (4) ) (1) and (4) ) (2) are clear. (1) ) (4) is by Theorem 3.2 and Proposition 4.8 ð2Þ ) ð3Þ. Let S be a projective simple submodule of M. Then S 6 RadðMÞ and hence S is a summand of M. ð3Þ ) ð4Þ. Let x 2 M: Then M has a decompositon M ¼ A È B such that A is a projective submodule of Rx and B \ Rx SocðMÞ. Then Rx ¼ A È ðB \ RxÞ. Let B \ Rx ¼ S 1 È S 2 where S 1 is a finite direct sum of projective simples and S 2 is a finite direct sum of singular simples. Then S 1 is a summand of B by the similar proof of Mohamed and Mü ller (1990, Proposition 2.2) . Hence A È S 1 is a summand of M. This implies that M is ZðMÞ-semiregular. & By Theorems 2.10 and 3.2, if M is a finitely generated projective SocðMÞ-semiregular module with ðC 2 Þ, then M ðnÞ is SocðM ðnÞ Þ-semiregular and has ðC 2 Þ for every n ! 1:
For the following corollary see also Yousif and Zhou (2002, Theorem 2.11 ).
Corollary 4.12. The following conditions are equivalent for a ring R.
(1) R is left Socð R RÞ-semiregular, R=Socð R RÞ is Noetherian and any projective semisimple left ideal is a summand. (2) R is semiprimary and JðRÞ ¼ Zð R RÞ Socð R RÞ.
Proof. (1) Example 4.15 (Bjö rk, 1970) . Given a field F and an isomorphism a 7 ! a from F ! F F, let R be the right F-space on basis {1, t} with multiplication given by t 2 ¼ 0 and at ¼ t a for all a 2 F. Then R is a local ring and the only right ideals are 0, JðRÞ and R. Hence R is right Artinian right continuous and left and right Kasch. It follows that JðRÞ ¼ Socð R RÞ ¼ Socð R RÞ. If dim F ðFÞ ! 2, then R is not left continuous (see Yousif and Zhou, 2002, Example 2.17) .
Theorem 4.16. Let M be a finitely generated module. Then the following conditions are equivalent.
(1) M is CS and M=SocðMÞ is semisimple. (2) M is CS Artinian and RadðMÞ SocðMÞ.
In addition if M is projective, (1) and (2) are equivalent to (3) M is CS SocðMÞ-semiregular and M=SocðMÞ is Noetherian.
Proof. ð1Þ ) ð2Þ. Since M=SocðMÞ is semisimple, RadðMÞ SocðMÞ. By Dung et al. (1994, 5.15 and 18.7) , M is Artinian. ð2Þ ) ð1Þ. Since M is Artinian, M=RadðMÞ is semisimple. ð2Þ ) ð3Þ. Since M is Artinian and projective, M is semiregular (Wisbauer, 1991, 41.15) and M=RadðMÞ is semisimple. Then M is SocðMÞ-semiregular and M=SocðMÞ is semisimple. (1) R is left CS left Artinian with JðRÞ 2 ¼ 0. (2) R is left CS left Socð R RÞ-semiregular and R=Socð R RÞ is left Noetherian.
Theorem 4.18. Let M be finitely generated projective module. The following conditions are equivalent. Now we give the examples. First example shows that there is a projective module M which is dðMÞ-semiregular but not semiregular hence not SocðMÞ-semiregular (see Nicholson, 1976, Example 2.15) . If M is finitely generated projective ZðMÞ-semiregular, then M need not be SocðMÞ-semiregular. Hence there is a module M which is semiregular but not SocðMÞ-semiregular (see also Yousif and Zhou, 2002 , Example 1.8).
Example 4.21. Let M ¼ R ¼ Z 8 . Then R is a self-injective ring, JðRÞ ¼ ZðRÞ ¼ 2R and SocðRÞ ¼ 4R: Hence R is a ZðRÞ-semiregular ring by Nicholson and Yousif (2001) but not SocðRÞ-semiregular since JðRÞ-semiregular is not contained in SocðRÞ.
If M is SocðMÞ-semiregular then M need not be ZðMÞ-semiregular. The ring of 2 Â 2 upper triangular matrices over a field is the example of such a module, see Yousif and Zhou, 2002, Example 1.8) .
